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Abstract. In this the paper we parametrize the moduli space of fiat SL(2, C)-connections 
on the Lawson minimal surface of genus 2 which are equivariant with respect to certain 
symmetries of Lawson's geometric construction. The parametrization uses Hitchin's 
abelianization procedure to write such connections explicitly in terms of flat line bun- 
dies on a complex 1-dimensional torus. This description is used to develop a spectral 
curve theory for the Lawson surface. This theory would apply as well to CMC and 
minimal surfaces with the same holomorphic symmetries as the Lawson surface. 



1. Introduction 

The study of minimal surfaces in three dimensional space forms is among the oldest 
subjects in differential geometry. While minimal surfaces in euclidean 3-space are never 
compact, there exist compact minimal surfaces in . In fact, it has been shown by Lawson 
[L] that for every genus g there exists at least one embedded closed minimal surface. 
Compact minimal surfaces of genus and 1 are well-understood by now: The only minimal 
2-spheres in are the equators as a consequence of Hopf 's work. Moreover, Brendle |Br] 
has recently shown that the only embedded minimal torus in is the Clifford torus up 
to isometries. Nevertheless there exist compact immersed minimal tori in which are 
not congruent to the Clifford torus. First examples have been constructed by Hitchin [H] 
via integrable systems methods. Moreover, all minimal tori in (or more general all 
CMC tori in space forms) are constructed from algebro-geometric data defined on their 
associated spectral curve, see [H i IPS! [B2] . 

The study of minimal surfaces via integrable system methods is based on the associated 
C*-family of flat SL(2, C)-connections 

A G C* ^ V^. 

Flatness of V'^ for all A in the spectral plane C* is the gauge theoretic reformulation 
of the harmonic map equation. Knowing the family of flat connections is tantamount 
to knowing the minimal surface, as the map is given by the gauge between the trivial 
connections and V~^. In the abelian case of minimal 2-tori these connections split 
generically as a direct sum of connections on line bundles. Therefore, the C*-family 
of flat SL(2, C)-connections associated to a minimal torus is characterized by a spectral 
curve parametrizing the corresponding family of flat complex line bundles. On surfaces of 
genus g >2 flat SL(2, C)-connections are generically irreducible and therefore they have 
non-abelian monodromy. Moreover, every compact branched minimal surface of genus 
g > 2 whose associated family of flat connections has abelian holonomy factors through 
a minimal torus or is a branched conformal covering of a round sphere [Gej . Thus the 
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abelian spectral curve theory for minimal tori are no longer applicable in the case of 
compact immersed CMC or minimal surfaces of genus g >2. 

The aim of this paper is to develop an integrable systems theory for compact higher genus 
minimal surfaces in based on its associated family of flat connections. The main benefit 
of this approach is that one can divide the construction and the study of minimal surfaces 
into three steps: 

1. In order to write down holomorphic families of flat SL(2, C)-connections, we first need 
to have enough flat SL(2, C)-connections on the Riemann surface. 

2. In the second step one builds a family V'*' of flat SL(2, C)-connections which only needs 
to be gauge equivalent (where the gauge is allowed to depend on the spectral parameter 
A) to a family of flat connections associated to a minimal surface in S"^. To ensure this, 
V'^ needs to be unitarizable for A G 5^, trivial for A = ±1 and must have a special 
asymptotic behavior for A — t- 0. 

3. Then the last step concerns the reconstruction of the associated family of flat connec- 
tions out of the gauge equivalent family. 

Implicitly, exactly these steps occur in the integrable system approach to minimal tori, 
see [Hj. Here the gauge class of a generic flat SL(2, C)-connection is determined by the 
holonomy of one of the eigenlines. The spectral curve parametrizes these holonomies and 
the gauge to the associated family can be determined with the help of the eigenline bundle 
on the spectral curve. 

Similarly, the loop group approach to minimal surfaces of Dorfmeister, Pedit and Wu 
|DPW] ■ sometimes called the DPW method, starts with a family of holomorphic (or mero- 
morphic) SL(2, C)-connections on the given Riemann surface. Typically, these connections 
are given by a A-dependent holomorphic (or meromorphic) s[(2, C)-valued 1-form called 
the DPW potential. The DPW potential has a special asymptotic behavior for A — > 
which guarantees the construction of a minimal surface as follows: A (A-dependent) paral- 
lel frame for the family of holomorphic (or meromorphic) flat connections can be split into 
its unitary and positive parts by the loop group Iwasawa decomposition. Then, the posi- 
tive part is the gauge one is looking for, or equivalently, the unitary part is a (A-dependent) 
parallel frame for a family of flat connections associated to a minimal surface. 

If we could bijectively parametrize representatives of every gauge class of flat SL(2,C)- 
connections on a compact Riemann surface, we would only need to study holomorphic 
maps into that parameter space. In that case we would not need to care about the ambi- 
guity of representatives of gauge classes of flat connections or about the global existence 
(on the whole spectral plane) of a holomorphic map into the parameter space. These 
and related issues occur when using the DPW method and cause serious problems. But 
even in the case of tori the moduli space of flat SL(2, C)-connections is not a smooth 
variety and one needs a spectral curve which double covers the spectral plane in order 
to parametrize the gauge equivalence classes of the associated family of flat connections 
of a minimal torus. In this paper we are developing an analogous approach for compact 
minimal surfaces of genus 2. 

The moduli space of flat SL(2, C)-connections on a compact Riemann surface of genus 2 
has, at its smooth points, dimension 6g — 6. There exist singular points, corresponding 
to reducible flat connections, which have to be dealt with carefully, see |G2] . As we are 
studying holomorphic families of connections (in the sense that the connection 1— forms 
with respect to a fixed connection depend holomorphically on A), the moduli space needs 
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to be equipped with a compatible complex structure. Moreover, we need to determine the 
asymptotic behavior of the family of (gauge equivalence classes of) flat connections for 
A —7- 0. This seems to be impossible in the setup of character varieties, i.e. if we identify 
a gauge equivalence class of flat connections with the conjugacy class of the induced 
holonomy representation of the fundamental group of the compact Riemann surface. A 
more adequate picture of the moduli space of flat SL(2, C)-connections is given as an 
affine bundle over the "moduli space" of holomorphic structures of rank 2 with trivial 
determinant. The projection of this bundle is given by taking (the isomorphy class of) 
the complex anti-linear part of the connection which clearly is a holomorphic structure. 
Elements in the same fiber of this affine bundle, which can be represented by two flat 
connections with the same induced holomorphic structure, differ by a holomorphic 1-form 
with values in the trace free endomorphism bundle. These 1-forms are called Higgs fields 
and, as a consequence of Serre duality, they are in a natural way the cotangent vectors of 
the moduli space of holomorphic structures, at least at its smooth points. The bundle is 
an affine holomorphic bundle and not isomorphic to a holomorphic vector bundle because 
it does not admit a holomorphic section. Nevertheless, by the theorem of Narasimhan 
and Seshadri |NS ] . it has a smooth section (over the semi-stable part) which is given 
by the one to one correspondence between stable holomorphic structures and unitary flat 
connections. 

We do not only want to study the moduli spaces themselves, but we want a way to 
construct families of flat connections explicitly. This can be achieved by using Hitchin's 
abelianization, see |HH IH2] . The eigenlines of Higgs fields (with respect to some holo- 
morphic structure 5) whose determinant is given by the Hopf differential of the minimal 
surface are well-defined on a double covering of the Riemann surface. They determine 
points in an affine Prym variety and intersect over the umbilics of the minimal surface. 
Moreover, a flat connection with holomorphic structure d determines a meromorphic con- 
nection on the direct sum of the two eigenlines of the Higgs field. The residue of this 
meromorphic connection can be computed explicitly, and the flat meromorphic connec- 
tion is determined by algebraic geometric data on the double covering surface. Moreover, 
C*-families of flat connections can be written down in terms of a spectral curve which dou- 
ble covers the spectral plane C*. A double covering is needed as a holomorphic structure 
with a Higgs field generically corresponds to two different eigenlines and these eigenlines 
come together at discrete spectral values. 

The spectral curve parametrizes the eigenlines of the Higgs fields. Therefore it determines 
the isomorphy classes of the associated family of holomorphic structures (V^)". In order 
to fix the (gauge equivalence classes of the) flat connections V'^ additional spectral data 
are needed. They are given by anti-holomorphic structures on the eigenlines, or, after 
fixing a flat meromorphic bundle in the affine Prym variety, by a lift into the affine bundle 
of gauge equivalence classes of flat line bundle connections. Then, analogous to the case 
of tori, the asymptotic behavior for A — )• of the family of flat connections can be under- 
stood explicitly: The spectral curve branches over and the family of connections has a 
first order pole on the diagonal over 0, see theorem [H The spectral data must satisfy a 
certain reality condition imposed by the property that the connections V'^ are unitary for 
A € 5"^. Unfortunately, this reality condition is hard to determine explicitly in contrast to 
the case of minimal tori. Once one has constructed such families of (gauge equivalence 
classes of) flat connections, one can make minimal surfaces in by loop group factoriza- 
tion methods analogous to the DPW method. It would be very interesting to see if these 
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loop group factorizations can be made more explicitly as was done in the case of tori via 
the eigenline construction of Hitchin. 

We do not carry out the details of this program for a general compact minimal surface 
of higher genus here. Instead, we will focus on the Lawson surface of genus 2 [L] which 
might be the simplest example of a higher genus minimal surface. Moreover, the methods 
can be directly applied to other minimal and CMC surfaces of genus 2 with the same 
holomorphic (and space orientation preserving) symmetries as the Lawson surface. 

In §[2] we study the moduli space of holomorphic structures of rank 2 with trivial determi- 
nant that admit a flat connection whose gauge equivalence classes are invariant under the 
symmetries of the Lawson surface of genus 2. We show that this space is a projective line 
with a double point. In §[3] we parametrize representatives of each isomorphy class in the 
above moduli space by using the eigenlines of special Higgs fields. This method is called 
Hitchin's abelianization. In our situation it yields a double covering of the moduli space 
of holomorphic structures away from the double point. This covering map will be crucial 
for the construction of a spectral curve later on. We use this description in § H] in or- 
der to parametrize the moduli space of flat SL(2, C)-connections whose gauge equivalence 
classes are invariant under the symmetries of the Lawson surface. In theorem [1] we prove 
an explicit 2:1 correspondence (away from a co-dimension 1 subset corresponding to the 
double point of the moduli space of holomorphic structures) between flat C*-connections 
on the above mentioned square torus and the flat Lawson symmetric SL(2, C)-connections 
on the Lawson surface of genus 2. This study will be completed in §[5] where we consider 
flat connections whose underlying holomorphic structures do not admit Higgs fields whose 
determinant is equal to the Hopf differential of the Lawson surface. 

The main object of this work is dealt with in § [6l The spectral curve associated to a 
minimal surface in 5^ which has the symmetries of the Lawson surface parametrizes the 
eigenlines of the Higgs fields (proposition [7]). It is equipped with a meromorphic lift into 
the affine bundle of flat -connections on the square torus which determines the gauge 
equivalence class of the flat connections, see theorem [H Finally we show in theorem [5] that 
minimal surfaces with the symmetries of the Lawson genus 2 surface can be reconstructed 
from the spectral data. 

In the appendix, we shortly recall the gauge theoretic reformulation of the minimal surface 
equations in due to Hitchin [HJ which leads to the associated family of flat connections. 
We also describe the construction of the Lawson minimal surface of genus 2. 

The author thanks Aaron Gerding, Franz Pedit and Nick Schmitt for helpful discussions. 
This research was supported by the German Research Foundation (DFG) Collaborative 
Research Center SFB TR 71. Part of the work for the paper was done when the author 
was a member of the trimester program on Integrability in Geometry and Mathematical 
Physics at the Hausdorff Research Institute in Bonn. He would like to thank the organizers 
for the invitation and the institute for the great working environment. 

2. The moduli space of holomorphic structures 

Before studying the associated family of flat SL(2, C)-connections 

A ^ 

for a given compact oriented minimal surface in (see Appendix |A] ) , we need to un- 
derstand the moduli space of gauge equivalence classes of flat SL(2, C)-connections on 
the surface. We do this by considering it as an affine bundle over the moduli space of 
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isomorphy classes of holomorphic structures {V, d) of rank 2 with trivial determinant over 
the Riemann surface, where the complex structure is the one induced by the minimal 
immersion and where the projection is given by taking the complex anti-linear part 

V" := ^(V + i* V) 

of the flat connection V. The difference = V"^ - £ T{M, K Endo(y)) between two 
flat SL(2, C)-connections and with the same underlying holomorphic structure 
B = (VO" satisfies 



Therefore, the fiber of the affine bundle over a fixed isomorphy class of holomorphic 
structures (represented by the holomorphic structure d) is given by the space of Higgs 
fields 

H°{M,KEndo{V,d)), 

i.e. of holomorphic trace free endomorphism valued 1-forms on M. By Serre duality, this is 
naturally isomorphic to the cotangent space of the moduli space of holomorphic structures, 
at least at its smooth points. 

In this paper we mainly focus on the Lawson minimal surface M of genus 2. Therefore 
we start this paper by studying those holomorphic structures of rank 2 on M which can 
occur as the complex anti-linear parts of a connection V'^ in the associated family of M. 
As we will see, this simplifies the study of the moduli spaces, and also allows us to find 
explicit formulas for flat connections for a given underlying holomorphic structure. 

The complex structure of the Lawson surface of genus 2 is given by (the compactification 
of) the complex curve 

As a surface in it has a large group of extrinsic symmetries, see Appendix [Bj We will 
focus on the symmetries which are holomorphic on M and orientation preserving in 
The reason for this restriction relies on the fact that only those give rise to symmetries 
of the individual flat connections V^. As a group, they are generated by the following 
automorphisms, where the equations are written down with respect to y and z of equation 

ED 

• the hyper-elliptic involution ip2 of the surface of genus 2 which is given by 

• the automorphism (^3 satisfying 

• the composition r of the reflections at the spheres Si and S2 is given by 

(y,z)^(eHi,l). 

y z 

Every single connection is gauge equivalent to ip^'^^ ^z^^ ^-'^d r*V^. This can be 
deduced from the construction of the associated family of flat connections, see |Hej for 
details. 
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Definition. A SL(2, C)-connection V on M is called Lawson symmetric, if V is gauge 
equivalent to '^qS/-, (p%V and r*V. Similarly, a holomorphic structure d of rank 2 with 
trivial determinant on M is called Lawson symmetric if it is isomorphic to d, (p^ d and 
T*d. 

We first determine which holomorphic structures occur in the family 

X^B^ := (V^)" = ^(V^ + i * V^) 

associated to the Lawson surface. As is generically irreducible (see [Helj ). and special 
unitary for X £ S^, d is generically stable: A holomorphic bundle of rank 2 of degree 
is (semi-)stable if every holomorphic line sub-bundle has negative (non-positive) degree, 
see |NS | or [NRj . On a compact Riemann surface of genus 2 the moduli space of stable 
holomorphic structures with trivial determinant on a vector bundle of rank r = 2 can be 
identified with an open dense subset of a projective 3-dimensional space, see [NRj: the 
set of those holomorphic line bundles, which are dual to a holomorphic line sub-bundle of 
degree —1 in the holomorphic rank 2 bundle, is given by the support of a divisor which is 
linear equivalent to twice the 0-divisor in the Picard variety Pici (M) of holomorphic rank 
1 bundles of degree 1. This divisor uniquely determines the rank 2 bundle up to isomorphy 
if the bundle is stable. Therefore the moduli space of stable holomorphic structures of 
rank 2 with trivial determinant can be considered as a subset of the projective space of the 
4-dimensional space H^{Jac{M), L{2@)) of functions of rank 2 on the Jacobian of M. 
The complement of this subset in the projective space is the Kummer surface associated to 
the Riemann surface of genus 2. The points on the Kummer surface can be identified with 
the S-equivalence classes of semi-stable non-stable holomorphic structures. Recall that 
the S-equivalence class of a stable holomorphic structure is just its isomorphy class but 
that S-equivalence identifies the semi-stable (non-stable) holomorphic direct sum bundles 
y = L © L* (where deg{L) = 0) with nontrivial extensions — )• L — )• F — > L* — > 0. An 
extension 0— T'L^y^L*— 7>0 (where L is allowed to have arbitrary degree) is given 
by a holomorphic structure of the form 




where 7 € r(M, ^ Hom(L*, L)). It is called non-trivial if the holomorphic structure is 
not isomorphic to the direct sum L © L*. This is measured by the extension class [7] G 
i7^(M, Hom(L*, L)). Note that the isomorphy class of the holomorphic bundle V of an 
extension O^L— t-I/^L*— t-O with extension class [7] is already determined by L and 
C[7] e PFnA^,Hom(L*,L)). 

Proposition 1. Let M. C = ¥ {J ac{M) , L{2Q)) he the space of S-equivalence classes 
of semi- stable Lawson symmetric holomorphic structures over the Lawson surface M. Then 
the connected components of Ai containing the trivial holomorphic structure (C^,d") is 
given by a projective line in P^. 

Proof. The fix point set of any of these symmetries is given by the union of projective 
subspaces of P'^. Clearly, the common fix point set contains a projective subspace of 
dimension > 1, as A i-t- ^'^ is a non-constant holomorphic map into that space. 

The space of S-equivalence classes of semi-stable non-stable bundles is the Kummer surface 
of M in P^. It has degree 4, and 16 double points. These double points are given by 
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extensions of those line bundles L by itself, which are self-dual L = L*. In order to 
see that 5 is a projective line it is enough to show that the only semi-stable non-stable 
bundles V, whose isomorphy classes are invariant under ip2, and r, are the trivial rank 
two bundle (which is a double point in the Kummer surface) and the direct sum bundles 

L{Pi - P2) e L{P2 - Pi), L{Pi - P4) e L(P4 - ^1), 

where Pi, .., P4 S M are the zeros of the Hopf differential of M. So let L be a holomorphic 
line sub-bundle of V of degree 0. Because M has genus 2 there exists two points P,Q & M 
such that L = L{P — Q) is given as the line bundle associated to the divisor P — Q. If 
P = Q then V is in the S-equivalence class of C^. If P Q then ^P2^{P — Q) is either 
holomorphic to L{P — Q) or L{Q — P), as 9^2^ and V are S-equivalent. Clearly, the same 
holds for T, and as (^3 is of order 3 we even get that ip%^L{P — Q) = L{P — Q). From 
these observations we deduce that the points P and Q are fixed points of 933, and as a 
consequence V is S-equivalent to one of the above mentioned direct sum bundles. □ 

The next proposition shows that we do not need to care about S-equivalence of holomor- 
phic bundles. 

Proposition 2. Every Lawson symmetric semi-stable, non-stable holomorphic rank 2 
bundle V ^ AI is isomorphic to the direct sum of two holomorphic line bundles. 

Proof. As we have seen in the proof of the previous theorem V is S-equivalent to C^, 
L(Pi - P2) e L(P2 - Pi) or L(Pi - P4) e L(P4 - Pi). As 

iflLiP, - Pj) = L{Pj - Pi) / L(P, - Pj) 

for i ^ j we see that V cannot be a non-trivial extension of L(p — Pj) by its dual 
L[Pj — Pi). It remains to consider the case where V is S-equivalent to C^. Then the 
holomorphic structure of V is given by 




Here 7 G r{M,K) and the projective line of its cohomology class in H^[M,C) is an 
invariant of the isomorphy class of V. This projective line is determined by its annihilator 
in H°{M, K) = H^{M, C)* . The annihilator of [7] is H^{M, K) exactly in the case where V 
is (isomorphic to) the holomorphic direct sum M, and otherwise a line in H^(M, K). 

As V is isomorphic to 9^2^, and t*V this line would be invariant under Lp2, and r 
which is clearly impossible. Therefore ^ is a holomorphic direct sum of line bundles. □ 

2.1. Non semi-stable holomorphic structures. It was shown in [Helj that for a 
generic A G C* the holomorphic structure d is stable. Nevertheless there can exist 
special A G C* such that is neither stable nor semi-stable. We now study which non 
semi-stable holomorphic structures admit Lawson symmetric flat connections. 

Let V be a flat, Lawson symmetric SL(2, C)-connection on a complex rank 2 bundle over 
M such that V" = d is not semi-stable. By assumption, there exists a holomorphic line 
sub-bundle L of {V,d) of degree > 1. The second fundamental form 

/3 = TT^/L o V|i E T{KHom{L, V/L)) = T{KL-^) 

of L with respect to V is holomorphic by flatness of V. As deg{L) > 1, L cannot be a 
parallel sub-bundle because in that case it would inherit a flat connection. This implies 
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/3 7^ 0. Therefore L ^ = K ^ which means that L is a spin bundle of M. The only spin 
bundle 5 of M which is isomorphic to (P2S, ip'^S and t*S is given by 

5 = L(Qi + Q3-Q5), 

see [He]. As there exists a flat connection with underlying holomorphic structure d, 
the bundle {V, d) cannot be isomorphic to the holomorphic direct sum S (B S* ^ M. 
Therefore it is given by a non-trivial extension 0^5*— t-S"*— )-0. As H^{M, S"^) is 1- 
dimensional, a non semi-stable holomorphic structure admitting a flat, Lawson symmetric 
SL(2, C)-connection is already unique up to isomorphy. A particular choice of such a 
flat connection V is given by the uniformization connection, see |H2| : Let V = S ® 
S* — >■ M, where S is the spin bundle as above. On M there exists a unique Riemannian 
metric of constant curvature —4 in the conformal class of the Riemann surface M. This 
Riemannian metric induces spin connections and unitary metrics on S and S* . Let ^ = 
1 G H^{M, X Hom(5, S*)) and <I>* = vol be its dual with respect to the metric. Then 



(2.2) V" = V 



is flat. Moreover, it is also Lawson symmetric. This can easily be deduced from the 
fact that the Riemannian metric of constant curvature —4 is unique. The holomorphic 
structure V" is clearly given by the non-trivial extension S ^ V S* — t-O. 

Proposition 3. Every flat, Lawson symmetric connection V on M, whose underlying 
holomorphic structure V" is not semi-stable , is gauge equivalent to 

'Y Jospin* 

where V*^*" and vol are the spin connection and the volume form of the conformal metric 
of constant curvature —4 on M, C £ C and Q is the Hopf differential of the Lawson 
surface. 

Proof. Every other flat SL(2, C)-connection V, whose underlying holomorphic structure 
is 9, is given by V = V" + ^ where 

^ G i/°(M,KEndo(F,5)) 

is a Higgs field. An arbitrary section ^ G r(M, ii' Endo(V^, 9)) is given by 

\c -a 

with respect to the decomposition V = S ® S* as above and where the matrix entries are 
sections a G r(M, K), b G r(M, K'^) and c G T{M, C). Then 



d 



a b \ (d^a + c vol b + 2a vol 



which shows that c = if ^' is holomorphic. Moreover, for a holomorphic 1-form a G 
H'^{M,K) the gauge 

1 a 



3'-\0 1 

is holomorphic with respect to d and satisfies 
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Therefore, we can restrict our attention to the case of Higgs fields which have the following 
form 

where, by holomorphicity of 6 is a holomorphic quadratic differential. The Hopf differ- 
ential Q of the Lawson surface is the only holomorphic quadratic differential on M which 
is invariant under (/?2, (/^s and r. Prom this it easily follows that if the gauge equivalence 
class of V" + ^' is invariant under (^2, '■Pz and r then h must be a constant multiple of 
Q. □ 

Remark 1. The orbits under the group of gauge transformations of the above mentioned 
non semi-stable holomorphic structure and become infinitesimal near: Consider the 
families of holomorphic structures 

„ , 3^ tvol\ , = ^ ( 
dt=\^^ ^s* I and dtt = I 

on V = S ® S* . Clearly, Bt and Bt are gauge equivalent for t 7^ 0. On the other hand 
Bq = B and Bq = B which are clearly not isomorphic. We will see later, how to distinguish 
such families of isomorphy classes of holomorphic structures when they are equipped with 
corresponding families of gauge equivalence classes of flat connections. 




3. Hitchin's abelianization 



A very useful construction for the study of a moduli space of holomorphic (Higgs) bundles 
is given by Hitchin's integrable system |HH IH2j . We do not describe this integrable 
system in detail but apply some of the methods in order to construct the moduli space 5, 
which was studied in the previous chapter, explicitly. The main idea is the following: A 
holomorphic structure of rank 2 equipped with a Higgs field is already determined by the 
eigenlines of the Higgs field (which are in general only well-defined on a double covering 
of the Riemann surface). In fact, the rank 2 bundle is the push forward of the dual of 
an eigenline bundle. In our situation, appropriate Higgs fields of a Lawson symmetric 
holomorphic structure are basically unique up to a multiplicative constant by lemma [1] 
and its proof. In general the two eigenlines are points in a Prym variety which are dual to 
each other. This Prym variety turns out to be the Jacobian of a 1-dimensional square torus 
in the case of Lawson symmetric holomorphic structures with symmetric Higgs fields, see 
lemma [2] and [3l Moreover, this Jacobian double covers the moduli space 5 in a natural 
way (proposition [3|) . 

Lemma 1. Let B he a Lawson symmetric, semi-stable holomorphic structure on a rank 
2 bundle over M which is not isomorphic to B^ . Then there exists a Higgs field ^ G 
H^{M,KEndo{V,B)) with 

det^ = Q G H'^{M,K^). 

It satisfies 99*^' = g^^'^g for every Lawson symmetry ip, where g is the isomorphism 
between the holomorphic structures B and (p* B . 

Proof. By proposition [2] every Lawson symmetric, semi-stable and non-stable holomorphic 
structure is the holomorphic direct sum of two line bundles. For these bundles, it is easy to 
construct a Higgs field ^ with det ^ = Q. Moreover, this Higgs field ^ can be constructed 
such that its pull-back 1^*^* for a Lawson symmetry ip is conjugated to 



10 



SEBASTIAN HELLER 



All stable holomorphic structures give rise to smooth points in the moduli space of holo- 
morphic structures. Let [//] G -ff^(M, Endo(l^)) be a non-zero tangent vector of the iso- 
morphy class of the stable holomorphic structure d in iS. By the non-abelian Hodge theory 
(see for example [AB]) and the theorem of Narasimhan-Seshadri, the class [^] can be rep- 
resented by a endomorphism-valued complex anti-linear 1-form /x € r(M, ^ Endo(V^)) 
which is parallel with respect to the (unique) unitary flat connection V with V" = d . Let 
(f be one of the symmetries (p2, ^3 or r and g be a gauge, i.e. a smooth isomorphism, of 
V such that ip* d = d g. As d is stable g is unique up to multiplication with a con- 
stant multiple of the identity. We claim that if*fi = g~^^g. To see this note that g~^fj.g 
represents (with respect to g^^ d g) the same tangent vector in T^q^S as fj, (with respect 
to B) and as ip*fi (with respect to tp* B = g~^ B g). Therefore [g~^fig — = € T^d]S, 
and by non-abelian Hodge theory g~^ng — ip*i-i is in the image of g~^Vg. Moreover the 
unitary flat connections g~^Vg and 99* V coincide by the uniqueness of Narasimhan and 
Seshadri theorem. Hence the difference g~^fJ-g — (p*fJ- is parallel. This is only possible if 
g^^Hg — (p*iJ- = as claimed. 

Consider the (non-zero) adjoint ^ = ^* G {M , K Endo{V)) which clearly satisfies 
ip*^ = g~^'^g for ip and g as above. Therefore the holomorphic quadratic differential 
det^* € H^{M; K'^) is invariant under (p2, If det ^ 7^ this implies that it is 

a constant non-zero multiple of the Hopf differential of the Lawson surface. If det ^' = 
consider the holomorphic line bundle L = ker \I/ C 1^. As ^ is trace-free it defines 7^ ^' G 
H^{M,KRom{V/L,L)) = H^{M,KL^). Because deg(L) < -I as B is stable, L must be 
dual to a spin bundle, and because 97*^ = g~^^g it is even the dual of the holomorphic 
spin bundle S = L{Qi + Q3 — Q5). This easily implies that B is isomorphic to B^ in the 
case of det ^ = 0. □ 

Definition. The Higgs fields of lemma [1] are called symmetric Higgs fields. 

Remark 2. Note that for a Lawson symmetric, stable holomorphic structure B a sym- 
metric Higgs field G H^{M,KEndo{V,B)) with det^ = Q is unique up to sign. 

3.1. The eigenlines of symmetric Higgs fields. The zeros of the Hopf differential 
Q of the Lawson surface M are simple. As a Higgs field is trace free by definition, the 
eigenlines of a symmetric Higgs field ^ (for a Lawson symmetric holomorphic structure 
B) with det ^ = Q are not well-defined on the Riemann surface M. Following Hitchin we 
define a (branched) double covering of M on which the square root of Q is well-defined: 

IT : M := {uj^ e K^\x e M,ujI = Q(x)} M. 

We denote the involution ujx —^x by o" : M — )• M. There exists a tautological section 

uj G H^{M,'i:*Km) 

satisfying 

up' = 7r*Q and a*uj = —uj. 
As the Hopf differential is invariant under 992, 923 and r these symmetries of M lift to 
symmetries of M denoted by the same symbols. The tautological section is invariant 
under these symmetries 

ip2^ = UJ, (p%,UJ = UJ, T*UJ = UJ, 

where we have naturally identified ip2'n*KM = '^*P2^m = '^*Km and analogous for 993 
and T. On M the eigenlines of Tr*^' are well-defined: 

L± := kerTr*^' ^F^^Id. 
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Clearly, a*L± = Lz^. As the zeros of Q = det ^ are simple, ^ has a one-dimensional kernel 
at these zeros. Therefore, the eigenline bundles L± intersect each other of order 1 in 7r*y 
at the branch points of vr. Otherwise said, there is a holomorphic section 

A G i/°(M, Hom(L+ L_, AV*F)) 

which has zeros of order 1 exactly at the branch points of vr. Thus, A can be considered 
as a constant multiple of a; S H^{M,tt*Km) which has also simple zeros exactly at the 
branch points of vr by construction. Because A'^V is the trivial holomorphic line bundle, 
the eigenline bundles satisfy 

(3.1) L+^L- = L+0aiL+) = Tr*K*M, 

which means that L± lie in an affine Prym variety for vr. Recall that the Prym variety of 
vr : M ^ M is by definition 

Prymiir) = {L £ Jac{M) \ a*L = L*}. 

After fixing the line bundle L = 7r*S*, which clearly satisfies equation 13. 11 every other line 
bundle satisfying equation 13.11 is given by L"^ = tt*S* (S) E for some holomorphic line 
bundle E G Prymiir). 

3.2. Reconstruction of holomorphic rank 2 bundles. We shortly describe how to 
reconstruct the bundle V from an eigenline bundle L_|_ — )• M of a symmetric Higgs field 
"if € H^{M, K Endo(V^)) with non-vanishing determinant det ^' 7^ 0. This construction will 
be used later to study Lawson symmetric holomorphic connections on M . First consider an 
open subset U C M which does not contain a branch value of vr. The preimage tt~^{U) C 
M consists of two disjoint copies C/i U f72 C M of U. Because 

vr*% = (L+©L_)|t;^ 

and (t{L±) = L=p, we obtain a basis of holomorphic sections of V over U which is given 
by the non- vanishing sections 

si e FO(C/i,L+) and S2 e H^{Ui, L^) ^ H^{U2, L+). 

This local basis of holomorphic sections in V is special linear if and only if 

A(si®S2) = 1 e H^{Ui,7r*KM ^ L+ L^) = H^{Ui,C) 

in Ui. 

Next we consider the case of a branch point p of vr: Let z: U C M — )• C be a local 
coordinate centered at p such that a{z) = —z and (t(C/) = f/. A local coordinate on vr(C/) 
around vr(p) G M is given by y with y = z^ . We may choose z in such a way that 

A = zdy -|- higher order terms G H^{U,t:* Km), 

where dy G H^{U,tt*Km) is the pull-back as a section and not as a 1-form. Let ti G 
H^{U, L^),t2 = criti) G H^{U,L^) be holomorphic sections without zeros such that 

A(ti 0*2) = z€ F°(C/,C). 

Then there are local holomorphic basis fields si, S2 of y — )• M with si A S2 = 1 such that 
7r*si(p) = ti{p) = t2{p) and 

z z 

(3.2) ti = vr*si - 2^**2, t2 = 7r*si + -jT^*S2 

in vr*yi or equivalently 

vr*si = ]-ti + \t2, vr*S2 = -^2 - -^i- 
2 2 z z 
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As the last equation is invariant under a this gives us a weh-defined special linear holo- 
morphic frame 7r*si,7r*S2 of V over 7r{U) C M. 

By going through the above construction carefully without a priori knowing the existence 
of a rank 2 bundle one can construct a holomorphic rank 2 bundle V M for any line 
bundle L in the affine Prym variety. Then one can show that this rank 2 bundle has 
trivial determinant and that there exists a Higgs field on V whose determinant is Q. See 
for example [Hlj for details on this. 

Remark 3. The above reconstruction is the differential geometric formulation of the sheaf 
theoretic push- forward construction 7r*L^ of bundles of higher rank. 

Remark 4. Because of remark [2] a generic Lawson symmetric stable bundle V ^ M 
corresponds via the above construction to exactly two different line bundles -L_|_ and L_ = 

3.3. The torus parametrizing holomorphic structures. The Prym variety of tt : M ^ 
M is complex 3-dimensional and the moduli space S of Lawson symmetric holomorphic 
structures is only 1-dimensional. We now determine which line bundles -L+ in the affine 
Prym variety correspond to Lawson symmetric holomorphic structures. 

Let 9 be a Lawson symmetric holomorphic structure which admits a symmetric Higgs field 
^ whose determinant is the Hopf differential Q of the Lawson surface. By the definition 
of symmetric Higgs fields the eigenlines L± of ^ are isomorphic to (^2-^±, '^^L± and t*L±. 
Recall that the same is true for our base point vr*^* in the affine Prym variety. Therefore, 
it remains to determine the connected component of those holomorphic line bundles E of 
degree on M whose isomorphy class is invariant under ip2, and r. The quotient 

fi-: M ^ M/Z3 

of the Za-action induced by ip^ is a square torus. Moreover, ip2 and r induce fix point 
free holomorphic involutions on M/Z3 (denoted by the same symbols). They are given 
by translations. Therefore, the pull-back E = tt*E of every line bundle E G Jac{M /"L-^) 
is invariant under 992, V's ^'^d r. 

Li general one has to distinguish between those bundles which are pull-backs of bundles on 
the quotient of some automorphism on a Riemann surface and bundles whose isomorphy 
class is invariant under the automorphism. In our situation they turn out to be the same: 

Lemma 2. Let E he a holomorphic line bundle of degree on M. If its isomorphy class 
is invariant under ip2, and r then E is isomorphic to the pull-back tt*E for some 
E G Jac{MZs). 

Proof. We only sketch the proof of the lemma: Consider the corresponding fiat unitary 
connection V on E. As the isomorphy class of E is invariant under ip2, and r the gauge 
equivalence class of V is also invariant under 932, ^3 and r. This gauge equivalence class 
is determined by its (abelian) monodromy representation 

7ri(M) ^ [/(I) = S^ CC. 

Using the symmetries ip2, (fs and r one can easily deduce that the connection is (gauge 
equivalent) to the pull-back of a fiat connection on the torus M/Z3. □ 

Lemma 3. The connected component of the space of 7^^— invariant line bundles in the 
Prym variety of tt: M ^ M containing the trivial holomorphic line bundle is given by the 
(pull-back of the) Jacobian of the torus M/Z3. 
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Proof. Any line bundle on the torus is given hy E = L{x —p), where a; is a suitable point 
on the torus and p is the image of the branch point Pi € M . The involution a descends 
to an involution on M/Z3 with four fix points which are exactly the images of the branch 
points of TT. Therefore, the quotient of M/Z3 by a is the projective line and 

E (g) a*E = L{x-p + a{x) - p) = C 

which implies n*E (g) a*{TT*E) = tt*{E(S) a*E) = C. □ 

These two lemmas enable us to define a double covering n: Jac{M/Zz) ^ 5 = : Take 
a line bundle L € Jac{M /Ij^) and consider 

L+ := 11*3* (g^*L M. 

The isomorphy class of this line bundle is invariant under , ^3 and r and it satisfies 

L+ (g) cr(L+) = tt*Km 

by lemma El As we have seen in section 13.21 is an eigenline bundle of a symmetric 
Higgs field of the pullback vr*^ ^ M of a holomorphic rank two bundle V M with 
trivial determinant. 

Proposition 4. There exists an even holomorphic map 
(3.3) n: Jac(Af /Z3) ^ 5 = P^ 

of degree 2 to the moduli space S of Lawson symmetric holomorphic bundles. This map is 
determined by n(L) = [d] where L ^ C& Jac{M /Z^) such that 11*8* (S)7r*L is isomorphic 
to an eigenline bundle of a symmetric Higgs field of the Lawson symmetric holomorphic 
rank two bundle {V,d), and by n(C) = [d^] € S (see lemmaU^. The branch points are the 
spin bundles of M/Z3 and the branch images of the non-trivial .spin bundles are exactly 
the isomorphy classes of the semi-stable non-stable holomorphic bundles. 

Proof. First we show that for L ^ C, the corresponding rank two bundle is semi-stable: 
Assume that is a holomorphic line sub-bundle of a Lawson symmetric holomorphic 
bundle 1/ — > M of degree greater than 0. If E is not a spin bundle of the genus 2 surface 
M the rank two bundle V would be isomorphic to the holomorphic direct sum E (B E* . 
In this case one easily sees that there do not exists a Higgs field whose determinant has 
simple zeros. If is a spin bundle it must be isomorphic to the spin bundle 5 of the 
Lawson immersion because of the symmetries. Let the rank two holomorphic structure 
be given by 



d 



d 



on the topological direct sum V = S (B S* for some a G T{M, KK). The eigenline sub- 
bundle TT*S* ® 7r*L C V would be given by a map 



: Tr*S*(g)n*L Tr*S(B7r*S* 



satisfying da -\- ab = and db = 0. For L ^ C G Jac{M /Z^) there does not exists 
a holomorphic map from 7r*5* ® 'n*L to 7r*S'*. Therefore the eigenline bundle vr*^* ® 
Tr*L would be Tr*^, which is impossible because of the degree. Moreover one easily sees, 
that the corresponding holomorphic rank two bundle for L = C must be isomorphic to 
the holomorphic direct sum V = tt* S (B tt* S* . The orbit of this holomorphic structure 
under the gauge group is infinitesimal near to the one of the holomorphic structure of 
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lemma [TJ Therefore we can map C G Jac{M /T,^) to the equivalence class of the stable 
holomorphic structure d in 5 = in order to obtain a well-defined holomorphic map 
n: Jac{M/Zs) S. 

Because of remark [2] and remark H] the degree of the map 11 is 2. Clearly n(L) = n(L*) 
for all L € Jac{M /"L^). Therefore the spin bundles of M/Z3 are the only branch points of 
n. It remains to show that the non-trivial spin bundles in Jac{M correspond to the 
strictly semi-stable bundles V M. This can either be seen by analogous methods as in 
[Hlj used for the computation of the unstable locus in the Prym variety, or more directly 
as follows: Consider for example the non stable semi-stable bundle V = C(B C. Then, a 
symmetric Higgs field is given by 

V^2 y ' 

where wi and u}2 are holomorphic differentials with simple zeros at Pi and -P3 respectively 
P2 and P4 such that Q = ujiuj2- Then the eigenlines ker(^' ± a) are both isomorphic to 
L{-Pi - P3) = TT*S* O L(3Pi - 3P3). Clearly, L(3Pi - 3P3) = ^*L{^iP3) - ^(Pi)), and 
L(7r(P3) — 7r(Pi)) is a non-trivial spin bundle of M/Z3. Therefore, the gauge orbit of the 
trivial holomorphic rank 2 bundle ^ M is a branch image of 11, and similarly one 
can show that the same is true for the remaining two semi-stable non-stable holomorphic 
structures. □ 

Remark 5. This double covering of the moduli space S of Lawson symmetric holomorphic 
rank two bundles is very similar to the one of the moduli space of holomorphic rank two 
bundles with trivial determinant on a Riemann surface S of genus 1. The later space 
consist of all bundles of the form L ® L* where L G Jac(S) together with the non-trivial 
extensions of the spin bundles of S with itself, see [S]. 

4. Flat SL(2,C) connections 

We use the results of the previous chapter to study the moduli space of flat Lawson sym- 
metric connections on M as an affine bundle over the moduli space of Lawson symmet- 
ric holomorphic structures. The underlying holomorphic structure V" of a flat Lawson 
symmetric connection V is determined by a holomorphic line bundle L € Jac{M /"L^) 
(proposition |4]). Conversely, for all non-trivial holomorphic line bundles L G Jac{M /"L^) 
there exists a Lawson symmetric holomorphic structure which is semi-stable. Because of 
the theorem of Narasimhan and Seshadri |NS ] . these holomorphic structures admit flat 
unitary connections, and, because of the uniqueness part in |NS j . the gauge equivalence 
class of the flat unitary connection is also invariant under (p2, 933 and r. In order to obtain 
all flat Lawson symmetric connections we only need to add symmetric Higgs flelds to the 
unitary connection. We will see in theorem [T] that flat Lawson symmetric connections on 
M are uniquely and explicitly determined by a flat connection on the corresponding line 
bundle L G Jac{M /"L^,) as long as L is not isomorphic the trivial holomorphic bundle C. 
Adding a symmetric Higgs field on the Lawson symmetric connection on M is equivalent to 
adding a holomorphic 1-form to the line bundle connection on L — )• M jTLj,. Therefore the 
affine bundle structure of the space of gauge equivalence classes of fiat Lawson symmetric 
connections on M is determined by the affine bundle structure of the moduli space of flat 
line bundle connections over the Jacobian of the torus M/Z3. The case of the remaining 
flat Lawson symmetric connections (corresponding to the holomorphic structures which 
are either isomorphic to d or to the non-trivial extension ^ 5 — 1/ — ^ S'* — 0) is dealt 
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with in the next chapter. We will see that they occur as special limits as L converges to 
the trivial holomorphic line bundle. 

Let V be a flat Lawson symmetric connection such that its underlying holomorphic struc- 
ture V" admits a symmetric Higgs field ^' € Endo(V^)) with det^* = Q. Equiva- 
lently, there is a non-trivial holomorphic line bundle L € Jac{M /Tj^) with n(L) = [V"]. 
Consider the pull-back connection 7r*V on vr*!/ — > M, where vr: M — )• M is as in the 
previous chapter. As the eigenline bundles L± — t- M of Tr*^' are holomorphic sub-bundles 
of 11* which only intersect at the branch points of vr, there exists a holomorphic homo- 
morphism 

which is an isomorphism away from the branch points of vr. Therefore there exists a unique 
meromorphic flat connection V on © L_ M such that / is parallel. The poles of 
V are at the branch points of vr. Let z be a holomorphic coordinate on M centered at a 
branch point Pi of tt such that a{z) = —z. Let si,S2 be a special linear frame of V and 
let ti and t2 = <7(ii) be local holomorphic sections in L+ and L_ satisfying equation 13. 2[ 
The connection V on 1/ — )• M is determined locally by 

for j = 1, 2, where ui^j are the locally defined holomorphic 1— forms. As V and the frame 
are special linear cji^i = — W2,2 holds. Because vr has a branch point at Pj, the connection 
1-forms 7r*a;jj- (of vr^ with respect to 7r*si,7r*S2) have zeros at Pj. Using equation 13.21 
one can compute the connection 1— forms of V with respect to the frame ti,t2 = (^{ti) of 
© L_. It turns out that they have first order poles at Pj. Moreover, the residue of V 
at Pi is given by 

(4.1) -«V = i(_\ 

with respect to the frame ^1,^2- We need to interpret this formula more invariantly. With 
respect to the direct sum decomposition © L_ the connection V splits 

Here, are meromorphic connections on L± with simple poles at the branch points of 
TT, and € Jvl[M , Kj^ Hom(L±, L=p)) are the meromorphic second fundamental forms of 
L± which also have simple poles at the branch points. Recall that the eigenline bundles 
are given by 

(4.3) L± = TT*S* © 

for holomorphic line bundles L^^ E Jac{M /"L^) and tt: M — ?> M /I? . Consider the holo- 
morphic section A € H^{M ,7r* Km) which has simple zeros at the branch points of tt. 
There exists an unique meromorphic connection V^*^ on t:*Km such that A is parallel. 
Then resp.V^'^' = —1 at the branch points Pi,..,P4. As Tr*^^ = 'k*Km there exists a 
unique meromorphic connection V"^* on 11*8* which has simple poles at the branch points 
of vr with residue ^. Using equation 14.31 the description of V'^ and equation 14. II we obtain 
holomorphic connections on 7f*L+ and 7r*L^^ satisfying the formula 

v± = V^* © V^. 
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Moreover, are dual to each other. As in the proof of lemma [2] one can show that 
are invariant under (^2i and r and that there exists holomorphic connections on 
M/I? such that 

Then, all holomorphic connections on L = — )■ M jH? with its fixed holomorphic struc- 
ture are given by V^"*" -|- a for a holomorphic 1— form a E H^{M /W? ^K^^^ij^-j). Clearly, 
the corresponding effect on the connection V on y — > M is given by the addition of (a 
multiple of) the symmetric Higgs field ^ which diagonalizes on M with eigenlines L±. 

4.1. The second fundamental forms. Next, we compute the second fundamental forms 
G A4(M, Kj;^j Hom(L±, L=p)) of the eigenlines of the symmetric Higgs field. We fix some 
notations first: The symmetries (p2 and r of M yield fix point free symmetries on the torus 
M I'Lj, denoted by the same symbols. The quotient by these actions is again a square torus, 
denoted by T^, which is fourfold covered by M/Z3 and the corresponding map is denoted 

by 

vr'^: M/Z3 ^ 

Each L E Jac{M /'L'^) is the pull-back of a line bundle L of degree on T^. This line 
bundle is not unique. Actually, the pullback map defines a fourfold covering 

Jac{T'^) Jac(M/Zs). 

Especially, there are four different line bundles on which pull-back to the trivial one on 
M/Z3. These are exactly the spin bundles on T^, so their square is the trivial holomorphic 
bundle. This implies, that is independent of a choice L G Jac{T^) which pulls back to 
a given L G Jac{M /Ij^). Let G be the (common) image of the branch points Pi of vr. 
Then every holomorphic line bundle E ^ of degree is (isomorphic to) the line bundle 
L{y—0) associated to an divisor of the form D = y—0 for some y G T^. Especially, for y ^ 
there exists a meromorphic section Sy-o S A4{T^,E) with divisor (sy_o) = D. Moreover, 
y is uniquely determined by E and Sy_o is unique up to a multiplicative constant. 

Proposition 5. Let V be a flat Lawson symmetric connection on M such that n(L) = 
[V] for a non-trivial holomorphic line bundle = L G Jac{M /"L^) which is given by 
L = {■k'^)*L{x — 0) for some x G T^. Then the point y := —2x G is not and 

13+ = r(7r^)*Sj,_o G M(M,Kj,^Hom(L±,L^)) = M{M , Kj^^r L+^) 

where for 

Sy^o&M{T\L{y-0)) = M{T\KT2L{y-0)) 

the multiplicative constant is chosen appropriately and the pullbacks are considered as 
pullbacks of (bundle-valued) 1-forms. If we denote y~ = —y = 2x G T^, then the second 
fundamental form j3~ is given by (3~ = TT*{7r'^)*Sy-_Q. 

Proof. By assumption L = {'k'^)*L[x — 0) is not the trivial holomorphic line bundle. 
Therefore, L(x — 0) cannot be a spin bundle of T^. Equivalently, L{x - 0)^^ = _ q) 
is not the trivial holomorphic line bundle which implies that y ^ 0. 

The gauge equivalence class of the connection V is invariant under the symmetries. There- 
fore, the set of poles and the set of zeros of the second fundamental forms of the eigen- 
lines of the symmetric Higgs field are fixed under the symmetries, too. There are exactly 4 
simple poles of and because M has genus 5 and the degree of Hom(L±, Lq^)) = 7r*L^^ 
is there are 12 zeros of I3~^ counted with multiplicity. The only fix points of (p^ are the 
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branch points Pi of vr and and r are fix point free on M. Therefore, the orbit of a zero 
of Z?"*" under the actions of (p2, and r consists of exactly 12 points. This imphes that 
the zeros of /3+ are simple. Moreover, these 12 points are mapped via vr^ o vr to a single 
point y in T^. We claim that y = y € T'^. To see this, we consider the (bundle- valued) 
meromorphic 1-form 7r*(7r^)*Sy_o on M, which has simple poles exactly at the branch 
points Pi of TT and simple zeros at the preimages of y. Therefore, 7r*(7r^)*Sy_o is (up to 
a multiplicative constant) the second fundamental form /3~^. As the bundle L{y — 0) is 
uniquely determined by we also get y = y. □ 

Remark 6. In the case of 2/ = G there is no meromorphic section in the trivial line 
bundle L{y — 0) = C with a simple pole at 0. But y = holds exactly for the trivial bundle 
C G Jac{M fZ^). This line bundle corresponds to the non-stable holomorphic direct sum 
bundle S* (B S ^ M, see the proof of proposition HI As we have seen in section 12.11 there 
does not exists a holomorphic connection on S* (B S M. 

By now, we have determined the second fundamental forms up to a constant. It remains 
to determine the exact multiplicative constant of 

7=^ := Sy±_Q. 

Note that the involution a on M gives rise to involutions on and T^, denoted by 

the same symbol. Then, o"(/3^) = and (7(7^) = 7^. From equations 14.11 and 14.21 one 
sees that 

is a well-defined meromorphic quadratic differential with double poles at the branch points 
Pi , . . , P4 and with residue 

resp^{/3+/3-) = ^. 
As the branch order of tt at Pi is 2 we have 

(4.4) reso(7+r) = ^■ 

So 

Together with (7(7^) = 7^ this completely determines 7^ and therefore also up to 
sign. Note that the sign has no invariant meaning as the sign of the off-diagonal terms of 
the connection can be changed by applying a diagonal gauge with entries i and —i. 

4.2. Explicit formulae. We are now going to write down explicit formulae for a flat 
Lawson symmetric connection V whose underlying holomorphic structure admits a sym- 
metric Higgs field ^ with det ^ = Q. To be precise, we compute the connection 1-form 
of 7r*V (8) V*^ with respect to some frame, where V'^ is defined as above by the equation 
(V^ V'^)w = for the tautological section u € H^{M,'k*Km)- Then 7r*V (g) is a 
meromorphic connection on ■k*L'^ © 7r*L~ — ?• M with simple, off-diagonal poles at the 
branch points Pi, ..,^4 of vr, where and L" are holomorphic line bundles of degree 
on the torus M/Z3 which are dual to each other and correspond to the eigenlines of the 
symmetric Higgs field as in proposition [H 

Recall that M/Z3 is a square torus, and we identified it as 

M/Z3 ^ C/{2Z + 2iZ). 

We may assume without loss of generality that the half lattice points are exactly the 
images of the branch points Pj. The fourfold (unbranched) covering map vr^ gets into the 
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natural quotient map 

vr'^: M/Z-i ^ C/(2Z + 2iZ) C/(Z + a) ^ T^. 

Let E be one choice of a holomorphic line bundle on which pulls back to L"^ — )■ Af /Z3. 
As before, it is given by = L([x] - [0]) for some [x] G T^, where [0] G C/(Z + iZ) ^ 
is the common image of the points Pi. 

The following lemma is of course well-known. We include it as it produces the trivializing 
sections which we use to write down the connection 1-form. 

Lemma 4. Consider the square torus = C/(Z + fZ) and the holomorphic line bundle 
E = L{[x\ — [0]) for some x € C. Then there exists a smooth section 1 G r(T^,i?) such 

that the holomorphic structure d of E is given by 

1 = —TTxdzl. 

Proof. The proof is merely included to fix our notations about the ©-function of = 
C/(Z + -iZ), see |GH] for details. There exists an even entire function 0: C — ?> C which 
has simple zeros exactly at the lattice points Z -|- and which satisfies 

e{z + i) = 0{z) 

(4.5) 1 + i 

0{z + i) = e{z) exp{-2'Ki{z — ) + vr). 



Then the function 



s{z) ■■= ^^^^^ exp(7rx(z - z)) 



is doubly periodic and has simple poles at the lattice points Z -|- iZ and simple zeros at 
x+Z+iZ. Moreover it satisfies d s = ttxs. Therefore, s can be considered as a meromorphic 
section with respect to the holomorphic structure d—irxdz on = C/(Z -|- iZ) with 
simple poles at [0] G and simple zeros at [x] G T^. This implies that the holomorphic 
structure d —nxdz is isomorphic to the holomorphic structure of E = L{[x] — [0]). The 
image 1^ of the constant function 1 under this isomorphism satisfies the required equation 
8^1 = —TTxdzl. □ 

The second fundamental forms = ■7f*(7r"^)*7^ can be written down in terms of B- 
functions as follows: From proposition [5] and the proof of lemma U] one obtains that 
(with respect to the smooth trivializing section 1 E = L{[x] — [0]) and its dual section 
1* eT{T'^,E*)) 7± are given by 

= c ^^l~yK -^^'y'^^^h*dz 

(4 6) 

o[Z) 

for some c G C, where 9 is as in the proof of [Hand y = —2x. The constant c G C is given 
by equation 14.41 as a choice of a square root 



(4.7) c = i,/ *W 



<i\«{m-y) 

where ' denotes the derivative with respect to z. 
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Remark 7. Note that c can be considered as a single-valued meromorphic function de- 
pending on y € C with simple poles at the integer lattice points by choosing the sign of 
the square root at some given point y ^ Z + iL. 

Altogether, the connection 7r*V® V"^ is given on = C/'L + i'L with respect to the frame 
i) i* by the connection 1-form 

^^■^^ yc^^^e-2'^*fi"^(^)dz -T:adz + TTxdz ) 

for some a G C. The connection 1-form 14.81 is only meromorphic, but the corresponding 
connection V on the rank 2 bundle over M has no singularities. Varying a G C corresponds 
to adding a multiple of the symmetric Higgs field on the connection V. 

Remark 8. In equation 14.81 we have written down the connection 1-forms on the torus 
^ C/(Z + iZ). But as the double covering M/Z3 ^ C/(2Z + 2iZ) ^ ^ C/(Z + iZ) 
is simply given by 

z mod 2Z + 2iZ 1 — > z mod Z + iZ 
equation 14.81 gives also the connection 1-form for the connection 7r*V(8' V"^ on M/Z3 with 
respect to the frame (vr'^)*!, (vr^)*l*. 

We summarize our discussion: 

Theorem 1 (The abelianization of flat SL(2, C)-connections). Let d be a Lawson symmet- 
ric semi-stable holomorphic structure on a rank 2 vector bundle over M. Assume that d is 
determined by the non-trivial holomorphic line bundle L G Jac{M /'L'i), i.e. n(L) = [d]. 
Then there is a 1:1 correspondence between holomorphic connections on L ^ Af/Za and 
flat Lawson symmetric connections V with V" = B . The correspondence of the connections 
is given explicitly by the connection 1 -form 

4.3. Flat unitary connections. A famous result due to Narasimhan and Seshadri ( [NS ) ) 
states that for every stable holomorphic structure on a complex vector bundle over a com- 
pact Riemann surface there exists a unique flat connection which is unitary with respect 
to a suitable chosen metric and whose underlying holomorphic structure is the given one. 
From the uniqueness we observe the following: If the isomorphy class of a a stable holo- 
morphic structure B is invariant under some automorphisms of the Riemann surface then 
the gauge equivalence class of the unitary flat connection V with B = V" is also invariant 
under the same automorphisms We can apply this to the situation of theorem [TJ 

Proposition 6. Consider a Lawson symmetric holomorphic structure B of rank 2 on M 
whose isomorphy class is given by a non-trivial holomorphic line bundle L G Jac{M /Z^), 
i.e. n(L) = [B]. Let x G C \ (|Z-|- |zZ) such that the holomorphic structure of E is given 
by 

d = d —TTxdz 

on C ^ M/Z3 = C/(2Z + 2iZ). Then there exists a unique a" = a"(x) G C such that the 
flat Lawson symmetric connection V on M, which is given by the connection 1 -form 
is unitary with respect to a suitable chosen metric. The function 

X !-> a"(x) 

is real analytic and odd in x. It satisfies 

a"(x + ^) = a-(x)-i 
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and 

a^ix +'-)= a^{x) + \ 

which means that it gives rise to a well-defined real analytic section lA of the affine bundle 
of (the moduli space of) flat C* -connections over the Jacobian of M /Z^ away from the 
origin. 

Remark 9. We show in theorem [2] below that the section U has a first order pole at the 
origin. 

Proof. As the unitary flat connections depend (real) analytic on the underlying holo- 
morphic structure, the function x a"(x) is also real analytic. Moreover, it must be 
odd in X as the flat connection induced on — > Af/Zs is dual to the one induced on 
L~ M/Z3. The functional equations are simply a consequence of the gauge invari- 
ance of our discussion: On M/Z3 = C/(2Z + 2iZ) the flat connections d + nadz — nxdz, 
d + 7r(a — ^)dz — 7r{x — ^)dz and d + 7r(a + ^)dz — 7r(x — ^)dz are gauge equivalent as well 
as the corresponding flat SL(2, C)-connections on M. □ 

5. The exceptional flat SL(2, C)-connections 

In the previous chapter we have studied all flat Lawson symmetric connections on M whose 
underlying holomorphic structures admit symmetric Higgs fields ^ such that det ^ = Q. 
The holomorphic structures are determined by non-trivial holomorphic line bundles L G 
Jac{M /Tj^), see proposition HI The construction of a connection 1-form as in equation 
14.81 breaks down for the trivial holomorphic line bundle C — > M/Z3, because the trivial 
line bundle corresponds to the holomorphic direct sum bundle 5 © S* — )■ M which does 
not admit a holomorphic connection. But as we have already mentioned above, the 
gauge orbits of the remaining holomorphic structures which admit Lawson symmetric 
holomorphic connections are infinitesimal near to the gauge orbit oi S (B S* —^M (see for 
example the proof of proposition We use this observation to construct the remaining 
flat Lawson symmetric connections as limits of the connections studied in theorem [1] when 
L tends to the trivial holomorphic line bundle. Even more important for our purpose, 
we exactly determine for which meromorphic family of flat line bundle connections on 
M/Z3 the corresponding family of flat SL(2, C)-connections on M extends holomorphically 
through the points where the holomorphic line bundle is the trivial one, see theorem [2] 
and theorem [3] below. 

5.1. The case of the stable holomorphic structure. We start our discussion with 
the case of a Lawson symmetric stable holomorphic structure which does not admit a 
symmetric Higgs field with non-trivial determinant. As we have seen, this holomorphic 
structure is isomorphic to . 

Let V be a flat unitary Lawson symmetric connection such that (V)" = . As we 
have seen in the proof of lemma [H d admits a nowhere vanishing symmetric Higgs field 
* G i?°(M, K Endo(l/, 5°)) with det ^ = 0. The kernel of ^ is the dual of the spin bundle 
S of the Lawson surface. We split the connection 
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with respect to the unitary decomposition V = S* (B S M. Note that g is a multiple 
of the Hopf differential Q of the Lawson surface and that q G T{M, KK~^) is its adjoint 
with respect to the unitary metric. As explained above, we want to study V = V'^ as a 
limit of a family of flat Lawson symmetric connections 

such that the holomorphic structures vary non-trivially in t. We restrict to the case where 
a choice of a corresponding line bundle Lf G Jac{M /Z3) with n(Lf) = [(V*)"] is given 
by the holomorphic structure 

do +tdz, 

where do = d" is the trivial holomorphic structure on C — >■ M/Z3. As 11 branches at C 
(proposition (H) this can always be achieved by rescaling the family as long as the map 
t I— > [(V*)"] G S has a branch point of order 1 at 0. Pulling the family of connections back 
to M (and applying gauge transformations to them which depend holomorphically on t on 
a disc containing t = 0) the holomorphic structures of the connections take the following 
form 



(7r*V 



+trj 





where r] = TT*dz. A family of symmetric Higgs fields ^'t G (M, T^Tm Endo(F, (V*)") is 
given by 



(5.1) 7r**t 



tcr] uj + t/3{t)\ 
-tcf] ) 



after pulling them back as 1-forms to M. Here f3{t) is a t-dependent section of 'k*Km = 
Kji^,^ Hom(7r*5, vr*^*), and oj G H^(M, Kj^j Hom(7r*S', Tr*^*)) is the canonical section which 
has zeros at the branch points of vr and c is a some non-zero constant. Note that lo can be 
considered as the pull-back of the bundle- valued 1-form 1 G H^{M, K Hom(S', S*)), or as a 
square root of rj. With respect to the fixed (non-holomorphic) background decomposition 
■ji*V = TT*S* 7r*5 the eigenhnes of TT*'^t on M are 

1 

^0 

and 

1 



-2cojt + f{...)^ 

Therefore the expansion in t of the singular gauge transformation ft: L*_^ © ■k*V 
TT*S* © 7r*S' is given by 

\0 -2cujt + t^ {...))' 
The expansion of 7r*V* is of the form 



where r(t) G r(M, i^T^^ Endo(F)) depends holomorphically on t. Applying the gauge ft 
we obtain the following asymptotic behavior 
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The pullback 7r*q G H^{K ^^Km) has zeros of order 3 at the branch points of vr and 
therefore it is a constant multiple of r/a;. Hence, the holomorphic line bundle connections 
on given by the 1 : 1 correspondence in theorem [1] have the following expansion 

(5.2) V'^' =d + tdz + jdz + e{t)dz 

for some holomorphic function e{t). In order to determine c, we expand the family of 
equations (V*)"^'t = as follows: 

= (vr*V*)'V^i = t + 2^15 + ^(0)^ ^ ^2( _ )^ 

As we have fixed w G i?°(M, i^^^ Hom(5, 5*)) = H°{M,tt*Km) up to sign by a;^ = r? = 
TT*dz we obtain from Serre duality applied to the bundle tt*Km 

(5.3) / TT*qcriuj = / ryo;^ ~ ^ / dz Adz = 24i. 

Recall that we have identified M/Z3 = C/(2Z + 2iZ) and dz is the corresponding differ- 
ential. The degree of 7r*5* — )■ M is —2 and we obtain from the flatness of V that 

(5.4) 4m = / TT*q A TT*q. 

Jm 

Combining equation 15.31 and equation 15.41 we obtain 
which exactly tells us the asymptotic of the family 15.21 

Theorem 2. Let V* be a holomorphic family of flat Lawson symmetric connections on M 
such that (V*^)" is isomorphic to . Ift^ [(^*)"] ^ S branches of order 1 att = 0, then, 
after reparametrization of the family, V* induces by means of theorem [7] and equation 
a meromorphic family of flat connections of the form 

(5.6) = d + tdz - ^dz + te{t)dz 

on C — 7- M/Z3, where e{t) is a holomorphic function in t. 

Conversely, let V* be a meromorphic family of flat connections on C — > Ad/Ij^, of the form 
\5. 7\ Then the induced family of flat Lawson symmetric connections V* on the complex 
rank 2 bundle V M extends (after a suitable t— dependent gauge) holomorphically to 
t = such that is a flat Lawson symmetric connection and (V*^)" is isomorphic to d . 

Proof. Our primarily discussion was restricted to the case where V'^ is unitary. In that 
case it remains to show that the function e{t) in equation 15.21 has a zero at t = 0. This 
follows from the fact that the function a" in proposition [6] is odd. For the general case we 
need to study the effect of adding a holomorphic family of Lawson symmetric Higgs fields 

^(t) G F°(M;i^Endo(y,(V*)")). 
Such a holomorphic family of Higgs fields is given by 



hit) 



tCT] UJ + t(5(t) 

—tcrj 
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for some function h{t) which is holomorphic in t, see equation 15. li From this the first 
part easily follows. Moreover, by reversing the arguments one also obtains a proof of the 
converse direction. □ 

Corollary 1. The unitarizing function a" : C \ + |Z C in propositionl^ is given by 

1 e'{-2x) 1 e'{2x) 1 2 

where 9 is the @-function as in equation \4-5{ 9' is its derivative and b{x): C ^ C is an 
odd smooth function which is doubly periodic with respect to the lattice + |Z. 

Proof. The function a: C \ + |Z ^ C defined by 

1 e'{-2x) 1 e'{2x) 1 2_ 

""^^^ ~ 12^ 9{-2x) ~ Yh:~9{^ " s"" " s"" 

is an odd function in x which satisfies the same functional equations (see proposition 
El) as a". Note that the parametrization of the family of holomorphic rank structures in 
proposition [6] and in theorem [2] differ by the multiplicative factor vr. Therefore, a has the 
right asymptotic behavior at the lattice points + So the difference 6 = a" — a is 
an odd, smooth and doubly periodic function. □ 

5.2. The case of the non-stable holomorphic structure. We have already seen in 
§ 12.11 that every fiat Lawson symmetric connection on M whose holomorphic structure is 
not semi-stable is gauge equivalent to 

vol +cQ V^P*" , 



V 



with respect to V = S* (B S —> M. In this formula V**'*" and vol are induced by the 
Riemannian metric of constant curvature —4, c € C and Q is the Hopf differential of the 
Lawson surface. The gauge orbit of the holomorphic structure V" is infinitesimal close 
to the gauge orbits of the holomorphic structures d and d (Bd . As in section 15.11 we 
approximate V by a holomorphic family of fiat Lawson symmetric connections t i-^ V* 
such that the isomorphy classes of the holomorphic structures (V*)" vary in t. We obtain 
a similar result as theorem [2j 

Theorem 3. Let V* be a holomorphic family of fiat Lawson symmetric connections on 
M such that (V'')" is isomorphic to the non-trivial extension S ^ V ^ S* and such that 
t I— >■ [(V*)"] G S branches of order 1 at t = 0. After reparametrization the family, V* 
corresponds (via theorem{l\ and equation \4.8^ to a meromorphic family of fiat connections 
V* on C ^ M/Z3 of the form 

(5.7) = d + tdz+ r^dz + te{t)dz, 

where e{t) is holomorphic in t. 

Conversely, let V* be a meromorphic family of flat connections on C — )■ M/Z3 of the form 
\5. 7\ Then the induced family of fiat Lawson symmetric connections V* on the complex 
rank 2 bundle V M extends (after a suitable t— dependent gauge) holomorphically to 
t = such that (V^)" is isomorphic to the non-trivial extension O^S"— t-V^— t-S*— t-O. 
Moreover, S/^ is gauge equivalent to the uniformization connection (see equation \2.2\) if 
the function e has a zero at t = 0. 
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Proof. Consider a holomorphic family of flat Lawson symmetric connections V* such that 
(V*)" is isomorphic to (V*)" for all t and such that V*^ is unitary. Especially, (V*^)" is 
isomorphic to . Then, after applying the t-dependent gauge gt the difference 

*i := V* -5r'V*9 G H\M,K Endo{V,{Vy')) 

satisfies 

det "i>t = + higher order terms, 

where g is a non-zero multiple of the Hopf differential. This implies, that the line bundle 
connections V* have an expansion like 

V* = d + tdz + -dz + higher order terms 

for some non-zero c G C. Then, analogous to the computation in section 15.11 one obtains 
c = Note that the reason for the different signs is because of the last sign in the 
degree formula for S* : 

-27rideg(5*) = / qAq=- lAvol. 

To show that the 0. -order term in the expansion of V* vanishes we first observe that there 
exists an additional (holomorphic) symmetry f: M ^ M which induces the symmetry 
z !->■ iz on M/Z3. Note that f*Q = —Q. Because the gauge equivalence class of the 
uniformization connection (equation 12. 2p is also invariant under f, one easily gets (as in 
the proof of theorem 15. 2p that the 0. -order term vanishes. Moreover one obtains that in 
the case of the uniformization connection also the first order term vanishes. □ 

6. The spectral data 

So far, we have seen, that the generic Lawson symmetric flat connection is determined 
(up to gauge equivalence), after the choice of one eigenline bundle of a symmetric Higgs 
field, by a flat line bundle connection on a square torus. Moreover, the remaining flat 
connections are explicitly given as limiting cases of the above construction. We now apply 
these results to the case of the family of flat connections V"^ associated to a minimal 
surface. We assume that the minimal surface is of genus 2 and has the symmetries (p2, 
(p3 and r of the Lawson surface. The family of flat connections induces a family of 
Lawson symmetric holomorphic structures = (V'^)" which extends to A = 0. As it is 
impossible to make a consistent choice of the eigenline bundles of symmetric Higgs fields 
for B'^ for all A € C* (see proposition [7]) we need to introduce a so-called spectral curve 
which double covers the spectral plane C* and enables us to parametrize the eigenline 
bundles. Then, the family of flat connections is determined (up to a A-dependent 
gauge) by the corresponding family of flat line bundles over the torus. The behavior of 
this family of flat line bundles is very similar (at least around A = 0) to the family of 
flat line bundles parametrized by the spectral curve of a minimal or CMC torus, compare 
with [H]. The main difference is, that we have some kind of symmetry breaking between 
A = and A = 00 : We do not treat the holomorphic and anti-holomorphic structures of 
a flat connection in the same way but consider the moduli space of flat connections as an 
affine bundle over the moduli space of holomorphic structures. As a consequence, we do 
not have an explicitly known reality condition, which seems to be the missing ingredient 
to explicitly determine the Lawson surface. 
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By taking the gauge equivalence classes of the associated family of holomorphic structures 
we obtain a holomorphic map 

to the moduli space of semi-stable Lawson symmetric holomorphic structures, see propo- 
sition [TJ This map is given by ^(A) = [B^] for those A where B'^ is semi-stable. By remark 
[J it extends holomorphically to the points A where B is not semi-stable. 

Proposition 7 (The definition of the spectral curve). There exists a holomorphic double 
covering p: S — )• C defined on a Riemann surface S, the spectral curve, together with a 
holomorphic map 

C-.T.^ JaciM/Zs) 

such that 

where U: Jac{M /I^^) S is as in proposition^ The map p branches over G C. 

Proof. We first define 

S = {(A, L) G C X JaciM/Zs) \ U{L) = -^(A)} 

which is clearly a non-empty analytic subset of C x Jac{M Then, the spectral curve 
is given by the normalization 

and C is the composition of the normalization with the projection onto the second factor. 
It remains to prove that S branches over 0. Because 11 branches over [B^] this follows if 
we can show that the map H is immersed at A = 0. As 9 is stable, the tangent space 
at [B^] of the moduli space of (stable) holomorphic structures with trivial determinant is 
given by H^{M, K Endo(y, B )). The cotangent space is then in a canonical way via trace 
and integration given by H°{M,KEndo{V,3 )). With 

dX [vol 0) 

and 

^= (0 0) e^°(M,KEndo(y,a°)) 

we see that 

which implies that Ti is immersed at A = 0. □ 

In order to study the family of gauge equivalence classes [V^] we consider the moduli 
space of fiat C*-connection on M/Z3 as an affine holomorphic bundle 

M Jac{M/Z^) 

over the Jacobian by taking the complex anti-linear part of a connection. Then, as a 
consequence of theorem [1] together with our discussion in § [5l we obtain a meromorphic 
hft 

of the map C which parametrizes the gauge equivalence classes [V^]. The map T> has poles 
at those points p G S where C{p) = C G J ac{M jTL-^) is the trivial holomorphic bundle. 
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Note that the (unique) preimage G S of A = always satisfies C{p) = C. The poles at 
p 7^ are simple, and the exact asymptotic behavior of T) around p is determined by the 
results of § [5l 

Definition. The triple (Ti,C,T)), which is determined by the associated family of fiat 
connection of a compact minimal surface in 5^ with the symmetries ^p2, ^3 and r of the 
Lawson surface of genus 2, is called spectral data of the surface. 

6.1. Asymptotic. We have already seen that the spectral curve S of a compact minimal 
surface in 5''^ with the symmetries of the Lawson surface branches over A = and that 
the map C is holomorphic. We claim that also the asymptotic behavior of V around the 
preimage of A = is analogous to the case of minimal tori in 5'^ [H] . 

In order to show this we consider a holomorphic family of fiat Lawson symmetric SL(2, C)- 
connections 

A ^ 

defined on an open neighborhood of A = such that (V'^)" = . This implies that for 
A 7^ the difference 

- V'^ 

is a multiple of a symmetric Higgs field ^ € H^{M, K Endo(y^, d^)) which satisfies det ^ = 
Q. An expansion of V'^ around A = is given by 



where g is a constant multiple of the Hopf differential, a, G T[M,KK^^)^ coi G T{M,K) 
and Pi € T{M,K'^). We claim that 

Q-q^O 

is a non-zero constant multiple of the Hopf differential. To see this note that 

^v»p-* = ig* A Q + tr($ A ^>*) 

= ^Q* /\q- BojQ 

as a consequence of the fiatness of V'^ as well as of V''. The claim then follows from 
Jj^j BujQ = and Jj^j tr(<I>A<I>*) ^ 0. Comparing equation l6.1l with proposition[8]in appendix 
[X]we obtain 

(6.2) det(V^- V^) = -^A-HQ-g) + .... 

This leads to the following theorem. 

Theorem 4. Let {T,,C,V) be the spectral data associated to a compact minimal surface 
in with the symmetries ip2, ^3 and r of the Lawson surface of genus 2. Let t be a 
coordinate ofT, around p^^ {{0}) such that locally 

C{t) = do +tdz, 

where z is the affine coordinate on M/Z3 = C/(2Z + 2iZ). The asymptotic of the map T) 
at is given by 

V{t) = d + tdz + (c-i- + cit + ..)dz 
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for some c_i 7^ ±^ and with respect to the natural local trivialization of the affine bundle 
M ^ Jac{M/Zs). 

Moreover, V satisfies the reality condition 

for all fi € p^^{S^) C S where U is the section given by proposition \^ and the closing 
condition 

— 1 + i 1 + i 
T>{^) = [d-\ ^ — -ndz H ^ — iidz] 

for all fi G p-^{{±l}) C S. 

Proof. As in the proof of theorem [2] we see that the effect of adding a family of Higgs 
fields — with asymptotic like in equation 16.21 on the corresponding C*-connections 
over M/Z3 is given by adding 

,c_i 

+ Co + cit + ...)dz 

with / ci,co,ci E C. As det(V'*' — V''') is even in t by the definition of t, the constant 
Co vanishes. Together with theorem [2] this implies the first statement. 

The reality condition is a consequence of the fact that the connections are unitary for 
X £ and of proposition [6l The closing condition follows from the observation that the 
trivial connection of rank 2 on M corresponds to the connection 

a H ndz H vraz 

4 4 

on M/Z3. □ 
The converse of theorem [J] is also true. 

Theorem 5. Spectral data (S,>C,P) satisfying the conditions of theorem determine a 
compact minimal surface of genus 2 in 

Proof. The spectral data define a family of flat SL(2, C)-connections 

A G C* ^ 

on the Riemann surface M. By the reality condition V'^ is unitarizable for A G S"^ C C* 
and by the closing condition V^^ are trivial. 

As was shown in jHej . there exists a A— depending family of singular gauge transforma- 
tions B = B{X) between holomorphic structures near d and the direct sum holomorphic 

~s* ~s 

structure d © . Moreover, this family is holomorphic in A on a small disc containing 
A = and satisfies 

B(o) = (; 

Applying this family of gauge transformations to the family of flat connections we 
obtain a family of meromorphic connections on S* © S which automatically has the form 
of a DPW potential, see [He| for details. Moreover, by assumption, the monodromy 
representation extends to a unitarizable representation on the unit circle and is trivial for 
A = ±1. We flx a point p E M which is not umbilic, and consider a A-depending parallel 
frame for the family of DPW connections. The starting condition, i.e. the frame at p, 
is also A-depending, but as a consequence of theorem 4 of [SKKRj it can be chosen in 
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a way such that the monodromy of the frame extends to the unit circle and is unitary 
there. Applying lemma 5 of [SKKR] we obtain that the positive part of the r— Iwasawa 
decomposition has trivial monodromy, and therefore gives rise to a globally defined gauge 
transformation depending on A and well-defined at A = 0. This family gauges the family of 
DPW connections into a family of flat connections associated to a closed minimal surface 
in S^. 

□ 

Appendix A. The associated family of flat connections 

In this appendix we shortly recall the gauge theoretic description of minimal surfaces in 
which is due to Hitchin [H]. For more details, one can also consult [He]. 

The Levi-Civita connection of the round is given with respect to the left trivialization 
TS^ = X imM as 

where u is the Maurer-Cartan form of S"^ which acts via adjoint representation. 

The hermitian complex rank 2 bundle y = 5''^ x EI with complex structure given by right 
multiplication with z € H is a spin bundle for : The Clifford multiplication is given by 
TS^ xV ^ V; (A, v) i-^ Xv where A G ImH and f € H, and this identifies TS^ as the skew 
symmetric trace-free complex linear endomorphisms of V. There is an unique complex 
unitary connection on V which induces on TS^ C End(y) the Levi-Civita connection. It 
is given by 

V = V^f^" = d + ^uj, 

where the ImH— valued Maurer-Cartan form acts by left multiplication in the quaternions. 

Let M be a Riemann surface and /: M — > 5^ be a conformal immersion. Then the 
pullback (j) = f*uj of the Maurer-Cartan form satisfies the structural equations 

(A.l) d^c/) = 0, 

where V = /*V = d + ^(p. The conformal map / is minimal if and only if it is harmonic, 
i.e. if 

(A.2) * <^ = 0. 

holds. Let 

be the decomposition of € Q,^{M] f*TS^) C ^l^{M;Endo(y)) into the complex linear 
and complex anti- linear parts. As / is conformal 

det $ = 0. 

Note that / is an immersion if and only if <I> is nowhere vanishing. In that case ker ^ = S* 
is the dual to the holomorphic spin bundle S associated to the immersion. The equations 
lA.ll and IA.2I are equivalent to 



(A.3) 



V"$ = 0, 
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where V" = ^{d^ + i * d"^) is the underlying holomorphic structure of the pull-back of 
the spin connection on V. Of course equation IA.3I does not contain the property that 
V — ^cf) = d is trivial. Locally this is equivalent to 

(A.4) = [^A $*] 

as one easily computes. 

From equation IA.3I and IA.4I one sees that the associated family of connections 
(A.5) := V + A"^$-A$* 

is flat for all G C*, unitary along C C* and trivial for ( = ±1. This family contains 
all the informations about the surface, i.e. given such a family of flat connections one can 
reconstruct the surface as the gauge between and V~^. Using Sym-Bobenko formulas 
one can also make CMC surfaces in and M'^ out of the family of flat connections. These 
CMC surfaces do not close in general. 

The family of flat connections can be written down in terms of the well-known geometric 
data associated to a minimal surface: 

Proposition 8. Let f : M ^ be a conformal minimal immersion with associated 
complex unitary rank 2 bundle {V, V) and with induced spin bundle S. Let V = S'^eS be 
the unitary decomposition, where S^^ = ker <1> C V and <I> is the K—part of the differential 
of f. The Higgs field ^ G ff°(M, K Endo(V')) can be identified with 

$ = 1 G H'^{M-KYiom{S,S-^)), 

and its adjoint $* is given by i vol where vol is the volume form of the induced Riemannian 
metric. The family of flat connections is given by 

where V**^*"' is the spin connection corresponding to the Levi-Civita connection on M and 
Q is the Hopf differential of f. 

Appendix B. Lawson's genus 2 surface 

We recall the construction of Lawson's minimal surfaces of genus 2 in , see [LJ . Consider 
the round 3— sphere 

53 = {{z,w) G I \z\^+\w\^ = 1} c cec 

and the geodesic circles Ci = S'^ n (C {0}) and C2 = n ({0} C) on it. Take the six 
points 

Q, = (e^|(fc-i),0) GCi 
in equidistance on Ci, and the four points 

Pfc = (0,e^t('=-i))GC2 

in equidistance on C2. A fundamental piece of the Lawson surface is the solution to the 
Plateau problem for the closed geodesic convex polygon r = P1Q2P2Q1 in S^. This means 
that it is the smooth minimal surface which is area minimizing under all surfaces with 
boundary T. To obtain the Lawson surface one reflects the fundamental piece along the 
geodesic through Pi and Qi, then one rotates everything around the geodesic C2 by |7r 
two times, and in the end one reflects the resulting surface across the geodesic Ci. Lawson 
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has shown that the surface obtained in this way is smooth at aU points. It is embedded, 
orientable and has genus 2. The umbihcs, i.e. the zeros of the Hopf differential Q are 
exactly at the points Pi, .., P4 of order 1. 

A generating system of the symmetry group of the Lawson surface is given by 

• the Z^— action generated by (^2 with (a, 6) i->- (a, —6); it is orientation preserving 

on the surface and its fix points arc Qi, -.Qej 

• the Z3— action generated by the rotation (p^ around P1P2 by |7r, i.e. (a, 6) 1— >■ 

(e*3^a, fe), which is holomorphic on M with fix points Pi, .., P4; 

• the reflection at PiQi, which is antiholomorphic; it is given by 7PiQi(a, h) = (a, b); 

• the reflection at the sphere Si corresponding to the real hyperplane spanned by 

1 ■ n ■ 

(0, 1), (0,z), (ee'^^jO), with 75^(0,6) = (es'a, 6); it is antiholomorphic on the sur- 
face, 

• the reflection at the sphere ^2 corresponding to the real hyperplane spanned 
by (1, 0), (i, 0), (0, e*'^*), which is antiholomorphic on the surface and satisfies 
lS2{a,b) = {a,ib). 

Note that all these actions commute with the Z2— action. The last two fix the polygon F. 
They and the first two map the oriented normal to itself. The third one maps the oriented 
normal to its negative. 

Using the symmetries, one can determine the Riemann surface structure of the Lawson 
surface / : M ^ 5^ as well as the other holomorphic data associated to it: 

Proposition 9. The Riemann surface M associated to the Lawson genus 2 surface is the 
three-fold covering vr : M — )• CP^ of the Riemann sphere with branch points of order 2 over 
±l,zbi G CP^, i.e. the compactification of the algebraic curve 



The hyper- elliptic involution is given by (y,z) >-)■ {y,—z) and the Weierstrass points are 
Qi, ..jQq. The Hopf differential of the Lawson genus 2 surface is given by 

for a nonzero real constant r G M and the spin bundle S of the immersion is 

S = L{Qi + Q3- Q5). 



References 

[A] M. Atiyah, Vector bundles over an elliptic curve. Proc. London Math. Soc. (3) 7, 1957, 414452. 
[AB] M. Atiyah, R. Bott, The Yang-Mills equations over Riemann surfaces. Philos. Trans. Roy. Soc. 

London Sor. A 308 (1983), no. 1505, 523615. 
[BGV] N. Beriine, E, Getzler, M. Vergne, Heat Kernels and Dirac Operators, Grundlchren (1992), 
Springer- Verlag, Berlin. 

[B] A. I. Bobenko, Surfaces of constant mean curvature and integrable equations, translation in Russian 
Math. Surveys 46 (1991), no. 4, 3-42. 

[B2] A. I. Bobenko, All constant mean curvature tori in R3,S3,H3 in terms of theta- functions. Math. Ann. 
290 (1991), no. 2, 209245. 

[BPP] C. Bohle, F. Pedit, U. Pinkall, The spectral curve of a quaternionic holomorphic line bundle over 

a 2-torus, Manuscripta Math. 130 (2009), no. 3, 311-352. 
[Br] S. Brendle, Embedded minimal tori in and the Lawson conjecture, http://arxiv.org/abs/1203.6597. 



THE SPECTRAL CURVE FOR LAWSON'S MINIMAL SURFACE OF GENUS 2 



31 



[BFLPP] F. E. Burstall, D. Ferus, K. Leschke, F. Pedit, U. Pinkall, Conformal geometry of surfaces in 

and quaternions, Lecture Notes in Mathematics 1772 (2002), Springer- Verlag, Berlin. 
[DH] J. Dorfmeister, G. Haak, Mcromorphic potentials and smooth surfaces of constant mean curvature, 

Math. Z. 224 (1997), no. 4, 603-640. 
[DPW] J. Dorfmeister, F. Pedit, H. Wu, Weierstrass type representation of harmonic maps into symmetric 

spaces. Comm. Anal. Geom. 6 (1998), no. 4, 633-668. 
[Ge] A. Gerding, Spectral methods for higher genus CMC surfaces, PhD thesis. University of Massachusetts 

(2011). 

[GH] P. Griffiths, J. Harris, Principles of algebraic geometry. Pure and Applied Mathematics. Wiley- 
Interscience, New York, 1978. 

[G] R. Gunning, Riemann surfaces, Princeton Mathematical Notes Princeton University Press, Princeton, 
(1966). 

[G2] R. Gunning, Lectures on vector bundles over Riemann surfaces. University of Tokyo Press, Tokyo; 

Princeton University Press, Princeton, (1967). 
[He] S. Heller, Lawson's genus 2 surface and DPW, in preperation. 

[Hel] S. Heller, Higher genus minimal surfaces in and meromorphic connections, to appear in Crelle. 

[H] A^. J. Hitchin, Harmonic maps from a 2-torus to the 3-sphcrc, J. Differential Geom. 31 (1990), no. 3, 
627-710. 

[HI] A''. J. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc. (3) 55 
(1987), no. 1, 59126. 

[H2] N. J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54 (1987), no. 1, 91114. 

[KS] M. Kilian, M. U. Schmidt, On the moduli of constant mean curvature cylinders of finite type in the 

3-sphere, arXiv:0712.0108v2 [math.DG]. 
[KPS] H. Karcher, U. Pinkall, I. Sterling, New minimal surfaces in S'^, J. Differential Geom. 28 (1988), 

no. 2, 169-185. 

[L] H. B. Lawson, Complete minimal surfaces in S^ , Ann. of Math. (2) 92 (1970), 335-374 . 

[LM] H. B, Lawson, M. L. Michelsohn, Spin geometry. Princeton Mathematical Series, 38. Princeton 

University Press, Princeton, NJ, 1989. 
[M] R. Mandelbaum, Branched structures on Riemann surfaces. Trans. Amer. Math. Soc. 163 

(1972)261275. 

[NR] M. S. Narasimhan, S. Ramanan, Moduli of vector bundles on a compact Riemann surface, Ann. of 

Math. (2) 89 (1969), 14-51. 
[NS ] M. S. Narasimhan, C. S. Seshadri, Stable and unitary bundles on acompact Riemann surface, Ann. 

of Math., (2), 82 (1965), 540-564. 
[P] U. Pinkall, Regular homotopy classes of immersed surfaces. Topology 24 (1985), no. 4, 421-434. 
[PS] U. Pinkall, I, Sterling, On the classification of constant mean curvature tori, Ann. of Math. (2) 130 

(1989), no. 2, 407-451. 

[Po] K. Pohlmeyer, Integrable Hamiltonian systems and interactions through quadratic constraints, 
Comm. Math. Phys. 46 (1976), no. 3, 207-221. 

[SKKR] Schmitt, N.; Kilian, M.; Kobayashi, S.-P.; Rossman, W. Unitarization of monodromy represen- 
tations and constant mean curvature trinoids in 3-dimensional space forms. J. Lond. Math. Soc. (2) 
75 (2007), no. 3. 



